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Quantum Larmor radiation in conformally flat universe
Rampei Kimura, Gen Nakamura, Kazuhiro Yamamoto
Department of Physical Science, Hiroshima University, Higashi-Hiroshima 739-8526, Japan
We investigate the quantum effect on the Larmor radiation from a moving charge in an expanding
universe based on the framework of the scalar quantum electrodynamics (SQED). A theoretical
formula for the radiation energy is derived at the lowest order of the perturbation theory with
respect to the coupling constant of the SQED. We evaluate the radiation energy on the background
universe so that the Minkowski spacetime transits to the Milne universe, in which the equation of
motion for the mode function of the free complex scalar field can be exactly solved in an analytic
way. Then, the result is compared with the WKB approach, in which the equation of motion of the
mode function is constructed with the WKB approximation which is valid as long as the Compton
wavelength is shorter than the Hubble horizon length. This demonstrates that the quantum effect
on the Larmor radiation of the order e2h¯ is determined by a non-local integration in time depending
on the background expansion. We also compare our result with a recent work by Higuchi and Walker
[Phys. Rev. D80 105019 (2009)], which investigated the quantum correction to the Larmor radiation
from a charged particle in a non-relativistic motion in a homogeneous electric field.
I. INTRODUCTION
Recently, the quantum electrodynamics (QED) processes in a strong field background attract interest of theoretical
researchers as well as experimental researchers [1–3]. Especially, recent developments of strong laser technique might
provide us with a chance to test the Schwinger effect, which causes a pair creation phenomenon in the strong laser-
electric field [4]. On the other hand, some authors claimed that the Unruh effect [5, 6] might be detected by measuring
the radiation from electron beam in a strong laser background [7, 8], but it seems to be necessary for more careful
investigations for the definite conclusion of the relevance [9].
An analogy between the radiation process from a moving charge in an expanding universe and the classical Larmor
radiation in the electro-magnetic theory has been investigated ([10], see also [11, 12]). The motion of a massive
charged particle in an expanding background spacetime can be regarded as an accelerated motion because the physical
momentum of the particle changes as the background spacetime expands or contracts. This leads to the Larmor
radiation from the charge in an accelerated motion in the classical electro-magnetic theory. In Ref. [10], it was also
demonstrated that the quantum effect affects the radiation energy using a model on a background universe with
specific expansion, where the equation of motion of the mode function is solved in an analytic manner exactly.
In this paper, we focus our investigation on the quantum effect on the Larmor radiation from a moving charge in an
expanding universe. Recently, Higuchi and Walker investigated the first order quantum effect of the Larmor radiation
from a moving charge in a homogeneous electric field background [13]. In Ref. [13], the motion of the moving charge
is limited to the non-relativistic case. A generalization of the work of [13] is presented in Ref. [9]. In the present
paper, we apply the method developed in Ref. [9] to the radiation from a moving charge in an expanding universe.
This paper is organized as follows: In Sec. 2, we derive a general formula for the radiation energy of the quantum
Larmor process in an expanding universe on the basis of the scalar QED. This formula, which is evaluated at the
lowest order of the perturbation theory with respect to the coupling constant, is obtained by solving the equation of
motion of the mode function of the complex scalar field in an expanding universe. In Sec. 3, we consider the complex
scalar field on the background universe that the Minkowski spacetime transits to the Milne universe, on which the
equation of motion of the mode function is exactly solved in an analytic manner. Then, the radiation energy is
evaluated by performing an integration numerically. In Sec. 4, we adopt the WKB approach for the mode function,
which is constructed in an expanded form with respect to h¯. This approach yields the formula of the radiation energy
in an expanded form with respect to h¯ as well. The quantum effect of the order of h¯ is determined by the non-local
nature in time of the background expansion. The result is compared with the work [13]. Section 5 is devoted to the
summary and conclusions. In Appendix A, we summarized useful formulas in our derivation of the radiation formula.
Through out this paper, we set the speed of light c = 1 and the metric convention (+,−,−,−).
2II. FORMULATION
First, we derive the formula for the radiation energy from a moving charge in the spatially flat Friedmann-Robertson-
Walker spacetime, whose line element is given by
ds2 = a2(η)[dη2 − δijdxidxj ], (1)
where η is the conformal time and a(η) is the scale factor. We consider the scalar QED action conformally coupled
to the curvature
S =
∫
dηdx
√−g
[
gµν
(
∇µ − ieAµ
h¯
)
φ†
(
∇ν + ieAν
h¯
)
φ−
(
m2
h¯2
− ξR
)
φ∗φ− 1
4µ0
FµνF
µν
]
, (2)
where Fµν is the field strength, µ0 is the magnetic permeability of vacuum, and ξ = 1/6. Introducing the conformally
rescaled field Φ,
φ =
Φ
a(η)
, (3)
we may rewrite the action as
S =
∫
dηdx
[
(DµΦ)
†
DµΦ− m
2a2(η)
h¯2
Φ†Φ− 1
4
FµνF
µν
]
, (4)
where Dµ ≡ ∂µ + ieAµ/h¯. It might be worthwhile to note that the equivalence between Eqs. (2) and (4) will break
down at one-loop order [11]. However, this does not affect our result because our investigation is at tree level.
We adopt the in-in formalism [14] to evaluate the radiation energy, in which the expectation value of the Heisenberg
operator Q at the time η is given by the following form,
〈Q(η)〉 =
∞∑
N=0
iN
h¯N
∫ η
−∞
dηN . . .
∫ η2
−∞
dη1 〈[HI(η1), . . . [HI(ηN ), Q(η)] . . .]〉 , (5)
where HI denotes the interaction Hamiltonian operator,
HI(η) = − ie
h¯
∫
d3xAµ(η,x)[∂µΦ
†(η,x)Φ(η,x) − Φ†(η,x)∂µΦ(η,x)], (6)
and the operators in the right hand side of Eq. (5) are those of the interaction picture. The free field of the electro-
magnetic field quantized in a finite box is
Aµ =
√
µ0h¯
V
∑
λ=1,2
∑
k
√
1
2k
ǫλµ
(
aλke
−ikη + aλ†−ke
ikη
)
eik·x, (7)
where ǫλµ denotes the polarization tensor, λ denotes the direction of polarization, V is the volume of the box, a
λ†
k and
aλk are the creation and annihilation operator, respectively, which satisfy the following commutation relation,
[aλk, a
†λ′
k′ ] = δλλ′δk,k′ . (8)
In the similar way, the quantized complex scalar field is given by
Φ(x) =
∑
p
√
h¯
V
eip·x/h¯
(
ϕp(η)bp + ϕ
∗
p(η)c
†
−p
)
, (9)
where the mode function ϕp(η) obeys the equation of motion,(
∂2
∂η2
+
p2 +m2a2(η)
h¯2
)
ϕp(η) = 0, (10)
3φ
γ
φ
Pi
Pf
k
FIG. 1: Feynman Diagram for the process.
with the normalization condition ϕ˙∗pϕp − ϕ˙pϕp = i, and the creation and annihilation operators satisfy the commu-
tation relation,
[bp, b
†
p′ ] = δp,p′ , [cp, c
†
p′ ] = δp,p′ , [OTHER] = 0. (11)
Choosing the Heisenberg operator Q as the number operator aλ†k a
λ
k, we calculate the total radiation energy as
follows,
E =
∫
d3kh¯k
∑
λ
〈aλ†k aλk〉 = −
∫
d3kh¯k
∑
λ
h¯−2
∫ t
−∞
dt2
∫ t2
−∞
dt1
〈[
HI(t1), [HI(t2), a
λ†I
k a
λI
k ]
]〉
, (12)
where we only considered the contribution up to the order of e2. We set the initial state as,
|i〉 = |0〉a ⊗ |1〉b ⊗ |0〉b¯, (13)
where the subscript a means the photon number basis, b is the charged particle number basis, and b¯ is the anti-particle
number basis.
We consider the lowest order contribution of the process so that one photon is emitted from the charged particle,
as shown in Fig. 1. From Eq. (12), we have
E = −e
2
ǫ0
∫
d3k
(2π)3
k
{∣∣∣∣
∫
dη
eikη√
2k
( ∂
∂η
ϕpf (η)
∗ϕpi(η)− ϕ∗pf (η)
∂
∂η
ϕpi(η)
)∣∣∣∣
2
−
∣∣∣∣
∫
dη
eikη√
2k
( ipf
h¯
ϕpf (η)
∗ϕpi(η) + ϕ
∗
pf
(η)
ipi
h¯
ϕpi(η)
)∣∣∣∣
2}
, (14)
where pf = pi − h¯k, h¯k is the photon momentum, and ǫ0 is the permittivity of vacuum, which is related to µ0 by
ǫ0µ0 = 1/c
2 = 1. Using the equation of motion (10), Eq. (14) leads to
E = −e
2
ǫ0
∫
d3k
(2π)3
k
{∣∣∣∣
∫
dη
eikη√
2k
kˆ · (pi + pf )
h¯
ϕ∗pf (η)ϕpi(η)
∣∣∣∣
2
−
∣∣∣∣
∫
dη
eikη√
2k
pi + pf
h¯
ϕ∗pf (η)ϕpi(η)
∣∣∣∣
2}
, (15)
where kˆ = k/|k|. Furthermore, Eq. (15) reduces to (cf. [10])
E =
e2
2ǫ0
∫
d3k
(2π)3
4(p2i − (pi · kˆ)2)
h¯2
∣∣∣∣
∫
dηeikηϕ∗pf (η)ϕpi (η)
∣∣∣∣
2
. (16)
Note that this is the energy in the conformally rescaled spacetime, which is not the physical energy. We can read the
physical radiation energy as E = E/a.
III. SOLVABLE MODEL IN MINKOWSKI-MILNE UNIVERSE
In this section, we consider the universe whose scale factor is written in the form,
a(η) =
√
1 + e2ρη, (17)
4where ρ is the parameter to describe the expansion rate. This gives the Minkowski spacetime at η → −∞, and the
Milne universe at η → +∞. The equation of motion of the mode function (10) is[
d2
dη2
+
p2 +m2(1 + e2ρη)
h¯2
]
ϕp(η) = 0. (18)
The solution is given by using the Bessel function,
ϕp(η) =
√
π
2ρ sinhπξ
J−iξ (m¯e
ρη) , (19)
where
ξ =
√
p2 +m2
ρ2h¯2
, m¯ =
m
ρh¯
.
The radiation energy is given by the formula (16), then we focus on∫ ∞
−∞
dηeikηϕ∗pf (η)ϕpi(η) =
√
π
2ρ sinhπξf
√
π
2ρ sinhπξi
∫ ∞
−∞
dηeikηJiξf (m¯e
ρη)J−iξi (m¯e
ρη),
=
√
π
2ρ sinhπξf
√
π
2ρ sinhπξi
m¯−ik/ρ
ρ
∫ ∞
0
dzzik/ρ−1Jiξf (z)J−iξi(z), (20)
where we defined
ξi =
√
p2i +m
2
ρ2h¯2
, ξf =
√
p2f +m
2
ρ2h¯2
=
√
p2i − 2h¯kpi cos θ + h¯2k2 +m2
ρ2h¯2
. (21)
We use the mathematical formula [15]∫ ∞
0
dzzik/ρ−1Jiξf (z)J−iξi(z) =
2iκ−1Γ(1− iκ)Γ(i(ξf − ξi + κ)/2)
Γ(i(ξf − ξi − κ)/2 + 1)Γ(i(ξf + ξi − κ)/2 + 1)Γ(i(−ξf + ξi − κ)/2 + 1) , (22)
where we defined κ = k/ρ. Then, the radiation energy is
E =
e2p2i
2πǫ0ρ4
∫ ∞
0
dkk2
∫ 1
−1
d cos θ(1 − cos2 θ)
× 1
sinhπξf
1
sinhπξi
κ
sinhπκ
1
(ξf − ξi + κ) sinhπ(ξf − ξi + κ)/2
× sinhπ(ξf + ξi − κ)/2
ξf + ξi − κ
sinhπ(ξf + ξi + κ)/2
ξf + ξi + κ
sinhπ(ξf − ξi − κ)/2
ξf − ξi − κ . (23)
The classical radiation energy corresponding to the Larmor radiation can be evaluated using Eq. (43) (see also
Eq. (36) of Ref. [10]). In the case of the background universe with Eq. (17), we have
Ecl =
e2p2i ρ
24πǫ0m2
. (24)
Combining (23) and (24), we have
E
Ecl
= 12
(
m
ρh¯
)2 ∫ ∞
0
dκκ2
∫ 1
−1
d cos θ(1 − cos2 θ)
× 1
sinhπξf
1
sinhπξi
κ
sinhπκ
1
(ξf − ξi + κ) sinhπ(ξf − ξi + κ)/2
× sinhπ(ξf + ξi − κ)/2
ξf + ξi − κ
sinhπ(ξf + ξi + κ)/2
ξf + ξi + κ
sinhπ(ξf − ξi − κ)/2
ξf − ξi − κ . (25)
We performed the integration of Eq. (25) numerically. Figure 2 plots E/Ecl as a function of m/ρh¯ with fixing
pi/m = 0.1 (black solid curve), pi/m = 1 (red dashed curve), and pi/m = 2 (blue dotted curve). In the limit
m/ρh¯≫ 1, one can see that E/Ecl approaches to 1. On the other hand, in the limit m/ρh¯≪ 1, E/Ecl approaches to
0. Complimentary to this figure, Figure 3 shows the contour of E/Ecl on the plane pi/m and m/ρh¯. For the region
m/ρh¯ ≫ 1, E/Ecl approaches to 1, while for the region m/ρh¯ ≪ 1, E/Ecl approaches to 0. These features are the
same as those in the previous paper [10], though a different background universe was considered there.
50.01 0.1 1 10 100
0.0
0.2
0.4
0.6
0.8
1.0
E
E c
l
p /m=       2
p /m= 1
p /m= 0.1
m/ρℏ
i
i
i
FIG. 2: The ratio of the total radiation energy to the classical WKB formula, E/Ecl, as function of m/ρh¯ with fixing pi/m = 0.1
(black solid curve), pi/m = 1 (red dashed curve), and pi/m = 2 (blue dotted curve).
0.9
0.4
0.5
0.60.70.8
0.3
0.2
0.1
0 2 4 6 8 10
0
2
4
6
8
10
p /mi
m/
ρℏ
FIG. 3: The deviation from the classical WKB formula. Contour of E/Ecl on the pi/m and m/ρh¯ plane.
IV. WKB APPROACH
In the previous section, we investigated the radiation energy in the case when the mode function is exactly solved
in the analytic manner. From the result of the exactly solvable model in the previous section as well as the previous
paper [10], the quantum correction reduces the total radiation energy compared with the classical Larmor formula.
In this section, we consider the origin of the quantum effect in the Larmor radiation. To this end, we adopt the WKB
approach. Our computation is a generalization of the work by Higuchi and Walker [13], in which the quantum effect
of the Larmor radiation on an electric-field background is investigated (cf. [9]).
The mode function with the WKB approximation is
ϕp(η) =
1√
2Ωp
exp
[
−i
∫ η
Ωp(η
′)dη′
]
(26)
6with
Ωp(η) =
√
p2 +m2a2(η)
h¯
. (27)
Substituting the WKB solution (26) into Eq. (16), we have
E = − e
2
2ǫ0
1
22
∫
d3k
(2π)3
{∣∣∣∣
∫
dη
kˆ · (2pi − h¯k)
h¯
√
Ωpi
√
Ωpf
exp
[
ikη + i
∫ η
(Ωpf − Ωpi)dη′
]∣∣∣∣
2
−
∣∣∣∣
∫
dη
2pi − h¯k
h¯
√
Ωpi
√
Ωpf
exp
[
ikη + i
∫ η
(Ωpf − Ωpi)dη′
]∣∣∣∣
2}
(28)
with
Ωpi(η) =
√
p2i +m
2a2(η)/h¯, (29)
Ωpf (η) =
√
(pi − h¯k)2 +m2a2(η)/h¯. (30)
We derive the expression for the radiation energy in the form expanded as a power series with respect to h¯. Using
the approximation,
Ωpf − Ωpi ≃ −
k · pi√
p2i +m
2a2(η)
+
h¯
2
(
k2√
p2i +m
2a2(η)
− (k · pi)
2√
p2i +m
2a2(η)
3
)
,
1
h¯
√
Ωpi
√
Ωpf
≃ 1√
p2i +m
2a2(η)
{
1 +
h¯
2
k · pi
p2i +m
2a2(η)
}
,
we have the expression of the radiation energy up to the order of h¯,
E = − e
2
2ǫ0
∫
d3k
(2π)3
∫
dξ
∫
dξ′
{(
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
}
eikξ−ikξ
′
×
[
1 +
h¯k
2
kˆ · pi
p2i +m
2a2(η)
+
h¯k
2
kˆ · pi
p2i +m
2a2(η′)
+
ih¯
2
∫ η
η′
(
k2√
p2i +m
2a2(η′′)
− k
2(kˆ · pi)2√
p2i +m
2a2(η′′)
3
)
dη′′ +O(h¯2)
]
, (31)
where we introduced the new variable ξ instead of η
ξ = η −
∫ η
kˆ · pi√
p2i +m
2a2(η′)
dη′. (32)
Furthermore, we introduce the notation,
dxi
dτ
= pi, (33)
dη
dτ
=
√
p2i +m
2a2(η). (34)
Then, Eq. (31) is rephrased as
E = − e
2
2ǫ0
∫
d3k
(2π)3
∫
dξ
∫
dξ′
{(
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
}
eikξ−ikξ
′
×
[
1 +
h¯k
2
(
kˆ · dx
dη
dτ
dη
+ kˆ · dx
′
dη′
dτ ′
dη′
)
+
ih¯k2
2
∫ τ(ξ)
τ(ξ′)
dτ ′′
(
1−
(
kˆ · dx
′′
dη′′
)2)]
. (35)
7We replace k in Eq. (35) with the partial derivative with respect to ξ or ξ′ operating on eikξ−ikξ
′
, which is the
equivalent technique adopted in Ref. [13]. Partial integrations lead to
E(0) = − e
2
2ǫ0(2π)3
∫
dkˆ
∫ ∞
0
dk
∫
dξ
∫
dξ′eik(ξ−ξ
′)
((
kˆ · d
2x
dξ2
)(
kˆ · d
2x′
dξ′2
)
− d
2x
dξ2
· d
2x′
dξ′2
)
, (36)
E(1) = − e
2
2ǫ0(2π)3
∫
dkˆ
∫ ∞
0
dk
∫
dξ
∫
dξ′eik(ξ−ξ
′)
×
{
ih¯
4
(
d
dξ
− d
dξ′
)
d
dξ
d
dξ′
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)(
kˆ · dx
dη
dτ
dη
+ kˆ · dx
′
dη′
dτ ′
dη′
)]
+
ih¯
2
d2
dξ2
d2
dξ′2
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)∫ ξ(η)
ξ′(η′)
dξ′′
dτ ′′
dξ′′
(
1−
(
kˆ · dx
′′
dη′′
)2)]}
, (37)
where E(0) and E(1) are the contribution of the order of h¯0 and h¯, respectively. The expression of the order of h¯0,
Eq. (36), gives the classical radiation energy formula [10, 11] (cf. [16–18]), while the expression of the order of h¯,
Eq. (37), gives the first order quantum effect in the radiation [9, 13]. We choose the coordinate z to be parallel to pi,
and the polar angle θ to be the angle between the z-axis and photon momentum vector k. Then, we write
v =
dz
dη
, (38)
dξ
dη
= (1− v cos θ), (39)
d2z
dξ2
=
v˙
(1− v cos θ)3 , (40)
with which we have
E(0) =
e2
8πǫ0
∫ 1
−1
d cos θ(1 − cos2 θ)
∫
dξ
(
d2z
dξ2
)2
(41)
from Eq. (36). Here, the ‘dot’ denotes the differentiation with respect to η. Integration with respect to θ yields
E(0) =
e2
6πǫ0
∫
dη
v˙2
(1− v2)3 . (42)
With the use of the relation v = pi/
√
p2i +m
2a2(η), Eq. (42) reduces to
E(0) =
e2p2i
6πǫ0m2
∫
dη
a˙2
a4
. (43)
This is the classical radiation formula in an expanding universe which can be regarded as the Larmor radiation [10].
Next, we consider the contribution of the order of h¯, Eq. (37). Let us first consider the limit of the non-relativistic
motion, v ≪ 1, we can write the radiation energy in terms of the velocity and its time derivatives, and find the leading
contribution (see Eq. (A3) in Appendix A),
E(1) =
3e2h¯
4ǫ0(2π)2
∫
d cos θ
∫
dη
∫
dη′
1
η − η′
×
[
1− cos2 θ
pi
{
(v¨v˙′v′ − v¨′v˙v) + v˙v˙′(3(v˙v′ − v˙′v)− (v˙v − v˙′v′)) cos θ}] , (44)
where the ‘dash’ denotes the function of η′, i.e., v′ = v(η′). Note that the latter terms of the right-hand-side of
Eq. (44), which is in proportion to cos θ, give no contribution when integrated over θ. In the non-relativistic case, we
have ∣∣∣∣ v¨v˙2
∣∣∣∣ ≃ mapi
∣∣∣∣ a¨a− 2a˙2a˙2
∣∣∣∣ . (45)
8This gives a rough estimation of the ratio of the first term (v¨v˙′v′ − v¨′v˙v) in the right-hand-side of Eq. (44) to the
latter terms in proportion to cos θ. Therefore, the first term is larger than the latter terms in the non-relativistic case,
ma/pi ≫ 1.
Next, we consider the relativistic limit, v ∼ 1. In an expanding universe, the condition of the relativistic motion is
guaranteed as long as ma(η) <∼ pi. Hence, the particle motion becomes non-relativistic as the universe expands with
(17), even though the motion is relativistic initially. In the model with (17), the particle motion is relativistic for
m
pi
eρη ≪ 1. (46)
On the other hand, the ratio of v¨ to v˙2 is written as∣∣∣∣ v¨v˙2
∣∣∣∣ ≃ p2im2
∣∣∣∣ a¨a+ a˙2(a˙a)2
∣∣∣∣ ≃ p2im2 e−2ρη. (47)
This means that |v˙2| ≪ |v¨| while the particle motion is relativistic. In this case, using expression (A5) in Appendix
A, we have
E(1) ≃ 3e
2h¯
4ǫ0(2π)2
∫
d cos θ
∫
dη
∫
dη′
1
ξ(η) − ξ(η′)
×
[
1− cos2 θ
pi
{
v¨v˙′
(1 − v cos θ)3(1− v′ cos θ)2 −
v¨′v˙
(1 − v cos θ)2(1 − v′ cos θ)3
}]
. (48)
This expression is derived assuming the particle motion is relativistic all the time. Then, it is not justified when the
particle motion changes from relativistic to non-relativistic as the universe expands, as for the model with (17) in
Sec. 3.
V. DISCUSSIONS
Integrating the right-hand-side of Eq. (44) with respect to θ, we obtain the quantum correction to the Larmor
radiation of the order of h¯,
E(1) =
e2h¯
4π2ǫ0pi
∫
dη
∫
dη′
v¨v˙′v′ − v¨′v˙v
η − η′ . (49)
This result should be compared with the result by Higuchi and Walker [13], which presented the quantum correction
to the Larmor radiation of the order of h¯ from a charged particle in an accelerated motion on a homogeneous electric
field background,
E
(1)
HW =
e2h¯
6π2ǫ0pi
∫
dt
∫
dt′
v¨v˙′ − v¨′v˙
t− t′ . (50)
There is a difference between (49) and (50), i.e., the numerical coefficient and the dependence on the velocity and its
derivatives. However, the quantum effect is non-local in time in both cases.
In the case when the velocity v and its derivatives are approximated as
v =
pi√
p2i +m
2a2(η)
≃ pi
ma(η)
, (51)
v˙ ≃ −pi
m
a˙
a2
, (52)
v¨ ≃ −pi
m
a¨a− 2a˙2
a3
, (53)
Eq. (49) yields
E(1) =
e2h¯
4π2ǫ0m
p2i
m2
∫
dη
∫
dη′
1
η − η′
(
(a¨a− 2a˙2)a˙′ − (a¨′a′ − 2a˙′2)a˙
a3a′3
)
, (54)
where a = a(η) and a′ = a(η′).
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FIG. 4: Comparison of the deviation of the classical radiation from the total radiation. The solid (red) curve is −E(1)/Ecl as
a function of m/ρh¯, while the other curves are −(E − Ecl)/Ecl with fixing pi/m = 0.01 (black dashed curve), pi/m = 1 (blue
dotted curve), and pi/m = 2 (green dash-dotted curve), where E
(1) is computed using Eq. (54).
Figure 4 shows the deviation of the total Larmor radiation from the classical Larmor radiation from a moving
charge in the universe considered in Sec. 3, as a function of m/ρh¯. The curves compare the case when the radiation
is computed with the exact mode function of Sec. 3 and the case when the radiation is computed with the WKB
approaches up to the order of h¯. The (black) dashed curve, the (blue) dotted curve, and the (green) dash-dotted
curve are the results with the exact mode function with pi/m = 0.01, 1, and 2, respectively. The solid (red) curve
is from the WKB mode function, Eq. (54). For the region with pi/m ≪ 1 and m/ρh¯ ≫ 1, the quantum correction
can be well explained by the WKB approximate formula, Eq. (54). The condition pi/m ≪ 1 comes from the fact
that Eq. (54) is derived in the non-relativistic approximation. The deviation of the results with pi/m = 1 and 2 from
Eq. (54) comes from the fact that the particle motion is relativistic initially. However, the deviation is not significant,
which may indicate that the fraction of the radiation from the particle in the non-relativistic regime is not small.
Finally, we show that the condition m/ρh¯≫ 1 is the necessary condition for the WKB approximation in an explicit
manner. The WKB approximation holds under the condition [19],
1
2Ω2
∣∣∣∣∣ Ω¨Ω − 32 Ω˙
2
Ω2
∣∣∣∣∣≪ 1. (55)
In the universe with the scale factor (17), the condition (55) is written as
(
h¯ρ
m
)2 ∣∣∣∣ (a2 − 1)(a2 − 5− 4p2i /m2)4(a2 + p2i /m2)3
∣∣∣∣≪ 1. (56)
Hence, the use of the WKB approximation is guaranteed when m/ρh¯ ≫ 1 is satisfied. This condition is interpreted
as follows [10]. In the universe with (17), the ratio of the Compton wavelength to the Hubble horizon is
h¯ρ
m
a2 − 1
a3
. (57)
When the condition m/ρh¯≫ 1 is satisfied, the ratio (57) is much less than unity. Thus, the condition for the WKB
approximation can be regarded as the condition that the Compton wavelength is much shorter than the Hubble
horizon.
VI. CONCLUSIONS
In this paper, we investigated the quantum effect of the Larmor radiation from a moving charge in an expanding
universe based on the framework of the perturbative approach of the scalar QED theory. We first derived the general
formula for the quantum radiation energy, which is expressed by the mode function of the free complex scalar field.
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Assuming the background universe that the Minkowski spacetime transits to the Milne universe, in which the mode
function is exactly solved in the analytic manner, we demonstrated how the total radiation energy deviates from the
classical Larmor radiation formula. This gives us a hint to understand the quantum effect on the Larmor radiation.
In the latter part of the paper, we investigated the quantum effect of the Larmor radiation with the use of the
WKB approximation in constructing the mode function. In the WKB approach, which is valid as long as the Compton
wavelength is shorter than the Hubble horizon length, we investigated the quantum effect of the Larmor radiation
by evaluating the contribution of the order of h¯ of the radiation energy with the approximate mode function. The
radiation of the order of h¯ well explains the deviation of the total radiation with the exact approach from the classical
Larmor formula in Sec. 3. The radiation of the order of h¯ is determined by the non-local integration in time depending
the behavior of the expansion of the background universe, as in the case of a homogeneous electric field background
[9, 13]. However, the first order quantum correction to the Larmor radiation in the conformally flat universe is not
the same as that on the homogeneous electric field background.
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Appendix A: useful formulas
In this Appendix, we summarize useful formulas in deriving the radiation formula in the present paper. Using
Eqs. (33), (34), and (38)-(40), we have
d3z
dξ3
=
v¨
(1− v cos θ)4 +
3v˙2 cos θ
(1− v cos θ)5 ,
dτ
dη
=
1√
p2i +m
2a2(η)
,
d
dξ
(
v
dτ
dη
)
=
2v˙v
pi(1− v cos θ) ,
d2
dξ2
(
v
dτ
dη
)
=
2v˙2
pi(1− v cos θ)3 +
2v¨v
pi(1− v cos θ)2 ,
d
dξ
(
v
dτ
dη
)
=
1
1− v cos θ
(
v˙√
p2i +m
2a2(η)
− vm
2a(η)a˙(η)√
p2i +m
2a2(η)
3
)
,
d2
dξ2
(
v
dτ
dη
)
=
v˙ cos θ
(1− v cos θ)3
(
v˙√
p2i +m
2a2(η)
− vm
2a(η)a˙(η)√
p2i +m
2a2(η)
3
)
+
1
(1− v cos θ)2
(
v¨√
p2i +m
2a2(η)
− 2v˙m
2a(η)a˙(η) + vm2a˙(η)a˙(η) + vm2a(η)a¨(η)√
p2i +m
2a2(η)
3 +
3v(m2a(η)a˙(η))2√
p2i +m
2a2(η)
5
)
,
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where the dot denotes the differentiation with respect to the conformal time η. Using these relations and kˆ · dx/dη =
cos θdz/dη = v cos θ, it is straightforward to derive(
d
dξ
− d
dξ′
)
d
dξ
d
dξ′
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)(
kˆ · dx
dη
dτ
dη
+ kˆ · dx
′
dη′
dτ ′
dη′
)]
= (cos2 θ − 1) cos θ
{[(
v¨
(1− v cos θ)4 +
3v˙2 cos θ
(1− v cos θ)5
)(
v˙′
(1− v′ cos θ)3
)
−
(
v˙
(1 − v cos θ)3
)(
v¨′
(1− v′ cos θ)4 +
3v˙′2 cos θ
(1− v′ cos θ)5
)](
v2 + v′2
pi
)
+2
(
v˙
(1− v cos θ)3
)(
v˙′
(1− v′ cos θ)3
)(
2vv˙
pi(1− v cos θ) −
2v′v˙′
pi(1− v′ cos θ)
)
+
(
v
1− v cos θ
)(
v˙′
(1− v′ cos θ)3
)(
2v˙2
(1 − v cos θ)3 +
2vv¨
(1− v cos θ)2
)
1
pi
−
(
v˙
(1 − v cos θ)3
)(
v′
1− v′ cos θ
)(
2v˙′2
(1 − v′ cos θ)3 +
2v′v¨′
(1 − v′ cos θ)2
)
1
pi
+
(
v¨
(1 − v cos θ)4 +
3v˙2 cos θ
(1− v cos θ)5
)(
v′
(1− v′ cos θ)
)
2v′v˙′
pi(1− v′ cos θ)
−
(
v
(1 − v cos θ)
)(
v¨′
(1 − v′ cos θ)4 +
3v˙′2 cos θ
(1 − v′ cos θ)5
)
2vv˙
pi(1− v cos θ)
}
, (A1)
and
d2
dξ2
d2
dξ′2
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)∫ ξ(η)
ξ′(η′)
dξ′′
dτ ′′
dξ′′
(
1−
(
kˆ · dx
′′
dη′′
)2)]
= (cos2 θ − 1)
{(
d3z
dξ3
d3z′
dξ′3
)∫ ξ
ξ′
dξ′′
dτ ′′
dξ′′
(
1− cos2 θ
(dz′′
dη′′
)2)
− 2
(
v¨
(1− v cos θ)4 +
3v˙2 cos θ
(1− v cos θ)5
)(
v˙′
(1 − v′ cos θ)3
)
v′(1 + v′ cos θ)
pi
+ 2
(
v˙
(1− v cos θ)3
)(
v¨′
(1− v′ cos θ)4 +
3v˙′2 cos θ
(1− v′ cos θ)5
)
v(1 + v cos θ)
pi
−
(
v¨
(1− v cos θ)4 +
3v˙2 cos θ
(1− v cos θ)5
)(
v′
1− v′ cos θ
)
v˙′(1 + 2v′ cos θ)
pi(1 − v′ cos θ)
+
(
v
1− v cos θ
)(
v¨′
(1− v′ cos θ)4 +
3v˙′2 cos θ
(1 − v′ cos θ)5
)
v˙(1 + 2v cos θ)
pi(1− v cos θ)
}
. (A2)
In the limit of the non-relativistic motion, v ≪ 1, the above formulas give
ih¯
4
{(
d
dξ
− d
dξ′
)
d
dξ
d
dξ′
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)(
kˆ · dx
dη
dτ
dη
+ kˆ · dx
′
dη′
dτ ′
dη′
)]
+ 2
d2
dξ2
d2
dξ′2
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)∫ ξ(η)
ξ′(η′)
dξ′′
dτ ′′
dξ′′
(
1−
(
kˆ · dx
′′
dη′′
)2)]}
≃ 3ih¯
2
[
1− cos2 θ
pi
{v¨v˙′v′ − v¨′v˙v + v˙v˙′ (3(v˙v′ − v˙′v)− (v˙v − v˙′v′)) cos θ}
]
. (A3)
Here, we omitted the contribution from the term,
2(cos2 θ − 1)
(
d3z
dξ3
d3z′
dξ′3
)∫ ξ
ξ′
dξ′′
dτ ′′
dξ′′
(
1− cos2 θ
(dz′′
dη′′
)2)
, (A4)
because its leading contribution to the radiation energy in Eq. (37) is zero when v˙ is zero at the boundary η → ±∞.
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In the limit of the relativistic motion, v ∼ v′ ∼ 1, we have
ih¯
4
{(
d
dξ
− d
dξ′
)
d
dξ
d
dξ′
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)(
kˆ · dx
dη
dτ
dη
+ kˆ · dx
′
dη′
dτ ′
dη′
)]
+ 2
d2
dξ2
d2
dξ′2
[((
kˆ · dx
dξ
)(
kˆ · dx
′
dξ′
)
− dx
dξ
· dx
′
dξ′
)∫ ξ(η)
ξ′(η′)
dξ′′
dτ ′′
dξ′′
(
1−
(
kˆ · dx
′′
dη′′
)2)]}
≃ ih¯
4
6(1− cos2 θ)
pi(1− v cos θ)2(1 − v′ cos θ)2
{
v¨v˙′
(1− v cos θ)2(1− v′ cos θ) −
v¨′v˙
(1 − v cos θ)(1 − v′ cos θ)2
}
. (A5)
Here, again we omitted the contribution from the term (A4) because of the similar reason to that in the non-relativistic
limit, as long as the particle motion is relativistic all the time. However, the omission is not justified when the particle
motion changes from relativistic to non-relativistic as the universe expands.
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